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Abstract
Call a map f : APB of O(2)-spaces a weak equivalence if fH :AHPBH is a weak homotopy equivalence for
all "nite cyclic and dihedral subgroups H-O(2). We show that the resulting homotopy category is
equivalent to the homotopy category of dihedral sets with suitable weak equivalences. There is a similar
relation between Pin(2)-spaces and quaternionic sets. ( 2000 Elsevier Science Ltd. All rights reserved.
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0. Introduction
We study the following problem: Take the category of spaces with the action of the group O (2),
and form a homotopy category by calling a map f : APB a weak equivalence if f H : AHPBH is
a weak homotopy equivalence for all "nite cyclic and dihedral subgroups H-O(2). Is there
a combinatorial category (i.e. something like simplicial sets) whose homotopy category is equiva-
lent to the above? We show that the dihedral sets introduced by Fiedorowicz and Loday in [7] give
such a model. Similarly, one can take the group Pin(2) (the normalizer of S1 in S3) and the family of
all "nite cyclic and quaternionic subgroups and pose a similar question. It turns out that the
quaternionic sets (see [7]) give the right model.
The paper is organized as follows. In Section 1 we recall the de"nition of dihedral and
quaternionic sets following Loday [8]. (We want to avoid giving the de"nition of &&crossed
simplicial group'', since we only deal with two special cases - the dihedral and quaternionic one). In
Section 2 we introduce various subdivisions of simplicial sets which form the central part of this
work. In Section 3 we recall Quillen's notion of a model category, a useful tool for proving
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theorems of the type we are seeking. We also describe the relevant model category structures on the
categories of dihedral sets and O(2) -spaces, using the constructions of the previous section. In
Section 4 we verify the assumptions of Quillen's equivalence theorem to obtain the desired
equivalence of homotopy categories. In Section 5 we brie#y describe the corresponding results for
quaternionic sets and Pin(2) -spaces. In Section 6 we give an explicit description of the category
Kd } the opposite of the category of dihedral operators (DD)01 introduced in Section 1. This
description is useful for proving some results in Section 3.
1. Dihedral and quaternionic sets
In this section we de"ne the category (DD)01 of dihedral operators, dihedral sets and describe the
standard dihedral sets. We also de"ne the corresponding quaternionic notions.
Let D01 be the simplical category, so that a simplicial set is a functor X : D01PSets. The category
of simplicial sets will be denoted by S.
Recall that the dihedral groups have the following presentation:
D
m
"Sx, y Dxm"y2"1, yxy~1"x~1T for m*1.
They are the quotient by the center of the generalized quaternion groups:
Q
m
"Sx, y Dxm"y2, yxy~1"x~1T for m*1.
The group D
m
has order 2m and the group Q
m
has order 4m. The cyclic subgroup of order m sitting
inside D
m
shall be denoted by C
m
.
1.1. Dexnition (Loday [8])
The category (DD)01 of dihedral (resp. (DQ)01 of quaternionic) operators is the category with
objects [0], [1], [2],2 and generating maps
d
i
: [n]P[n!1], 0)i)n, n’0,
s
i
: [n]P[n#1], 0)i)n, n*0,
w
n`1
, t
n`1
: [n]P[n], n*0
subject to the simplicial relations
d
i
d
j
"d
j~1
d
i
, 0(j!i,
s
j
s
i
"s
i
s
j~1
, 0(j!i,
d
i
s
j
"s
j~1
d
i
: [n]P[n], 0(j!i)n,
"id, !1)j!i)0,
"s
j
d
i~1
, j!i(!1.
the dihedral (resp. quaternionic) relations
w2
n`1
"(t
n`1
)n`1"id : [n]P[n], n*0 (resp. w2
n`1
"(t
n`1
)n`1 : [n]P[n]),
w~1
n`1
t
n`1
w
n`1
"t~1
n`1
: [n]P[n], n*0
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as well as the following:
d
i
t
n`1
"t
n
d
i~1
: [n]P[n!1], s
i
t
n`1
"t
n`2
s
i~1
: [n]P[n#1] for 1)i)n,
d
i
w
n`1
"w
n
d
n~i
: [n]P[n!1], s
i
w
n`1
"w
n`2
s
n~i
: [n]P[n#1] for 0)i)n,
d
0
t
n`1
"d
n
: [n]P[n!1], s
0
t
n`1
"(t
n`2
)2s
n
: [n]P[n#1] for n*1.
1.2. De5nition. „he category Sd of dihedral (resp. quaternionic) sets is the category of functors
(DD)01PSets (resp. (DQ01)PSets) and natural transformations between them. That is a dihedral
set is a functor X : (DD01)PSets. A morphism f : XP> is a natural transformation between such
functors.
1.3. Let n be an integer, n*0. The standard dihedral set, K$[n], is given by
K$[n]"hom(DD)01 ([n],!).
The standard quaternionic set, Kq[n], is given by
Kq[n]"hom(DQ)01 ([n],!).
There is an obvious functor j : D01P(DD)01 (resp. j : D01P(DQ)01) de"ned as the identity on the
objects and an inclusion on the morphisms. It induces the forgetful functor j*: SdPS (resp. j*:
SqPS). Given a dihedral (resp. quaternionic) set X, the underlying simplicial set of X is by de"nition
j*(X) .
1.4. Lemma. For each n*0 we have the natural isomorphisms:
DKd[n] DKO (2)]D
n
and DKq[n] DKPin(2)]D
n
.
=e denote these spaces as Kd
n
and Kq
n
, respectively.
Proof. See Proposition 3.1 in [8] or Theorem 5.3 in [7].
The categories Sd and TopO(2), as well as Sq and TopP*/(2), are related in the following way:
1.5. Proposition. „here exists a dihedral realization functor D ? D
d
: SdPTopO(2) and a quaternionic
realization functor D ? D
q
: SqPTopP*/(2) such that the following diagrams commute:
where u is the forgetful functor sending an O(2)-space (resp. Pin(2)-space) to the underlying topological
space and iso is a natural isomorphism.
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1.6. We now describe an action of D
n`1
on Kd[n], n*1. By the Yoneda Lemma [9, Corollary, p.
61], each map q : Kd[n]PKd[n] is of the form Hom
(DD)01
(/,!), for some / : [n]P[n]3 (DD)01. By
construction, the group of isomorphisms of [n] in (DD)01 is isomorphic to D
n`1
.
In a completely analogous way one can see that there is a natural action of Q
n`1
on Kq[n].
2. Subdivision functors
2.1. Following [1, Section 1] we de"ne the r-fold edgewise subdivision of a simplicial set X as the
simplicial set sd
r
X, where sd
r
X
n
"X
r(n`1)~1
and the face and degeneracy operators in sd
r
X are
given by :
dM
i
"d
i
) d
i`(n`1)
)2) d
i`(r~1)(n`1)
: X
r(n`1)~1
PX
rn~1
,
s
i
"s
i`(r~1) (n`1)
)2 ) s
i`(n`1)
) s
i
: X
rn~1
PX
r(n`1)~1
,
where d
i
and s
i
are the face and degeneracy operators of X.
The standard simplex Drn~1 is the r-fold join of Dn~1 with itself, and we have the diagonal
embedding: h
r
: Dn~1PDrn~1, h
r
(u)"(1/r) (u,2 , u).
2.2. Lemma (BoK kstead et al. [1, 1.1]). The map H
r
: D sd
r
X DPDX D of topological realizations induced
from 1]h
r
: X
rn~1
]Dn~1PX
rn~1
]Drn~1 is a homeomorphism.
If X is a dihedral set, let sd
r
X denote the subdivision of the underlying simplicial set. It carries
a simplicial C
r
-action given by
h
n
: sd
r
X
n
Psd
r
X
n
, x>(t
r(n`1)
)n`1(x).
(That is for 0)i)n we have dM
i
) h
n
"h
n~1
) dM
i
, sN
i
) h
n
"h
n`1
) sN
i
).
Hence for every integer r*1 we can de"ne a functor
U
r
: SdPS, X>(sd
r
X)Cr.
Our interest in the functor U
r
comes from the following result:
2.3. Theorem (BoK kstead et al. [1, 1.1]). „he map HCr
r
: DU
r
(X) DPDX DCr
d
is a homeomorphism. Hence
we have a natural isomorphism of functors:
DU
r
(?) DKD ? DCr
d
: SdPTop.
We also need to have a combinatorial access to the "xed point set of
w"C
1
0
0
!1D
acting on the geometric realization of a dihedral set. This is provided by another subdivision
functor, described by Segal in [13], who attributes the idea to Quillen. Given a simplicial set X, we
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de"ne the Segal subdivision, sq, as follows: sq(X)
n
"X
2n`1
, with the face and degeneracy maps
given as follows:
dM
i
"d
i
) d
2n`1~i
: X
2n`1
PX
2n~1
,
sN
i
"s
2n~1
) s
i
: X
2n~1
PX
2n`1
,
where d
i
and s
i
are the face and degeneracy operators of X.
The e!ects of the 2-fold edgewise subdivision and the Segal subdivision on the standard two
simplex D[2] are shown in the following diagrams:
The proof of the following lemma is analogous to that of Theorem 2.3:
2.4. Lemma. ‚et k
1
(u
0
,2 , un)"12(u0,2 , un, un,2 , u0). „he map K1 : D sqX DPDX D of topological
realizations induced from 1]k
1
: X
2n`1
]DnPX
2n`1
]D2n`1 is a homeomorphism.
If X is a dihedral set, let sq X denote the subdivision of the underlying simplicial set. It carries
a simplicial C
2
-action given by
o
n
: sqX
n
P sqX
n
, x>w
2n`2
(x).
Hence we can de"ne a functor
C
1
: SdPS, X>(sqX)C2 .
Our interest in the functor C
1
comes from the following result:
2.5. Lemma. ‚et w"diag(1,!1). „he map KC2 : DC
1
(X) DPDX DSwT is a homeomorphism. Hence we
have a natural isomorphism of functors:
DC
1
(?) DKD ? DSwT : SdPTop.
Sketch of proof. First, it follows from Lemma 5.6 in [7] that w acts on the geometric realization of
a dihedral set as follows: w[x, u
0
,2, un]"[un`1x, un,2 , u0]. It follows that w acts trivially on
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DK
1
(sq(X)o)) D. Using the above formula, it is not hard to check that anything outside of the image
K
1
( DC
1
(X) D ) lies outside the "xed point set of w.
The element w generates the subgroup D
1
-O (2) of order two. To deal with the dihedral groups
of higher order, we simply combine the two subdivision constructions described above. Speci"cally,
for r*1 we de"ne
sbd
r
: SPS, X>sq(sd
r
(X)).
It follows from a lengthy, but routine, calculation that if X is a dihedral set, then sbd
r
X has
a natural simplicial action of the dihedral group D
r
given by
h
n
: sbd
r
X
n
Psbd
r
X
n
, x>(t
2r(n`1)
)2(n`1)(x),
l
n
: sbd
r
X
n
Psbd
r
X
n
, x>w
2r(n`1)
(x).
Hence for r*1 we can de"ne a functor
C
r
: SdPS, X>(sbd
r
X)Dr .
The proof of the following is analogous to that of the previous two lemmas:
2.6. Lemma. ‚et
k
r
(u
0
,2, un)"
1
2r
(u
0
,2 , un, un,2 , u0,2 , u0,2 , un, un,2, u0).
„he map K
r
: D sbd
r
X DPDX D of topological realizations induced from 1]k
r
: X
2r(n`1)~1
]DnP
X
2r(n`1)~1
]D2r(n`1)~1 is a homeomorphism. Moreover, the map KDr
r
: DC
r
(X) DPDX DDr is a homeo-
morphism. Hence we have a natural isomorphism of functors:
DC
r
(?) DKD ? DDr : SdPTop.
3. Model category structures on O(2)-spaces and dihedral sets
First, we recall the notion of a model category. For a friendly introduction to the subject see [6].
3.1. De5nition. Given a commutative square diagram of the form
(1)
a lift or lifting in the diagram is a map h : BPX such that the resulting diagram with the "ve arrows
commutes, i.e. such that hi"f and ph"g.
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3.2. De5nition (Quillen [12, p. 233]). A model category is a category C with three distinguished
classes of maps:
(1) weak equivalences (&P),
(2) "brations (5),
(3) co"brations (denoted 6)
each of which is closed under composition and contains all identity maps. A map which is both
a "bration (resp. co"bration) and a weak equivalence is called an acyclic "bration (resp. acyclic
co"bration). We require the following axioms.
MC1 Finite limits and colimits exist in C.
MC2 If f, g are morphisms in C such that g f is de"ned, and if two of f, g, g f are weak
equivalences, then so is the third.
MC3 If f is a retract of g (see [12, p. 233]) and g is a "bration, co"bration, or a weak equivalence,
then so is f.
MC4 Given a commutative diagram of the form (1), a lift exists in the diagram in either of the
following two situations: (i) i is a co"bration and p is an acyclic "bration, and (ii) i is an
acyclic co"bration and p is a "bration.
MC5 Each map f can be factored in two ways: (i) f"pi, where i is a co"bration and p is an
acyclic "bration, and (ii) f"pi, where i is an acyclic co"bration and p is a "bration.
3.3. A map i : APB is said to have the left lifting property (LLP) with respect to another map
p : XP> and p is said to have the right lifting property (RLP) with respect to i if a lifting exists for
any choice of f and g making (1) commute.
3.4. Proposition (Quillen [12, Corollary 1.2, p. 234]). „he co,brations are exactly the maps having
the ‚‚P with respect to all acyclic ,brations.„he ,brations are exactly the maps having the R‚P with
respect to all acyclic co,brations.
After the notion of weak equivalence is de"ned, the above proposition can be used to de"ne
co"brations in terms of "brations or vice versa.
3.5. In [12, p. 234] Quillen de"nes the homotopy category Ho(C) of a model category C as its
localization with respect to the class of weak equivalences, i.e. the category obtained by formally
inverting the weak equivalences.
Example. The category Top of topological spaces has a model category structure in which the
weak equivalences are weak homotopy equivalences, the "brations are the Serre "brations and the
co"brations are described by the LLP.
We now describe the model category structure on the category S of simplicial sets.
3.6. De5nition. For n*1, 0)k)n let <[n, k]PD[n] be the inclusion of faces other than the
k-face and letF be the set of all such inclusions. For n*1 let DQ [n]PD[n] be the inclusion of the
boundary and let G be the set of all such inclusions.
In [11] Quillen shows how to give the category of simplicial sets a model category structure:
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3.7. Theorem (Quillen [11, Chapter 2, Theorem 3]). A map f : XP> of simplicial sets is called
(1) a weak equivalence if D f D is a weak homotopy equivalence of the geometric realizations,
(2) a ,bration if it has the R‚P (3.3) with respect to the maps in F (i.e. is a Kan ,bration),
(3) a co,bration if f is a monomorphism.
=ith these choices S becomes a model category.
It is shown in [11, Chapter 2, Proposition 1] that acyclic "brations in S are characterized as the
maps which have the RLP with respect to the set G.
In Section 4 we will need one more notion. By CM1, a model category has both an initial object
/ and a terminal object *. An object X is called co,brant if the map from /PX is a co"bration and
,brant if the map from XP* is a "bration. In S, Kan complexes are the "brant objects.
Let I be an arbitrary index set. Given a category D closed under coproducts and a family
H"M(W
i
, U
i
) : i3IN of adjoint functors
W
i
: S%D : U
i
, i3I, (2)
under some mild hypotheses there is a natural way to de"ne a model category structure on D.
Before stating the theorem, we need some preliminaries:
3.8. De5nition. For f3FXG (see 3.6), let X
f
"Dm( f ) and >
f
"Rg( f ). Let E be the set of
elements (e, j, f, g) where e is an index, j3I, f3FXG and g : W
j
(X
f
)PZ. In the context of (2),
a W
*
-regular pushout is a pushout of the form
The morphism h is said to be W
*
-induced from FXG.
A sequential colimit is the colimit of a diagram of the form: A
0
PA
1
PA
2
P2 .
3.9. De5nition. An object A of the category D is called W
*
-sequentially small with respect toFXG
if HomD (A,!) commutes with sequential colimits of diagrams in which all morphisms are
W
*
-induced from FXG.
Consider the following assumptions on (2).
3.10. Assumptions. (1) D has "nite limits and arbitrary small colimits.
(2) For all f3F, i, j3I, U
i
W
j
( f ) is an acyclic co"bration.
(3) For X the domain of a morphism in FXG and for each j3I, the object W
j
X is W
*
-
sequentially small with respect to FXG.
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(4) For all i3I the functor U
i
: (a) preserves coproducts; (b) takes W
*
-regular pushouts to
homotopy pushout diagrams; (c) preserves sequential colimits in D in which the morphisms
are W
*
-induced from FXG.
Theorem 3.11. (Spalinski [14]). Suppose we have a category D and a family (2) of adjoint functors
satisfying Assumption 3.10. Call a morphism f : XP> in D
(1) a weak equivalence i+ for all i3I the map U
i
( f ) : U
i
(X)PU
i
(>) is a weak equivalence in S,
(2) a ,bration i+ for all i3I the map U
i
( f ) : U
i
(X)PU
i
(>) is a ,bration in S,
(3) a co,bration i+ it has the ‚‚P with respect to acyclic ,brations.
„hese choices give D the structure of a model category.
We now describe the model category structure on O(2)-spaces.
3.12. Proposition (Dwyer and Kan [5, Theorem 2.2]). „he category of spaces with an O(2)-action has
a model category structure in which a map f : APB is
(1) a weak equivalence i+ for all ,nite cyclic and dihedral subgroups H-O(2) the map
f H : AHPBH is a weak homotopy equivalence in Top,
(2) a ,bration i+ for all ,nite cyclic and dihedral subgroups H-O (2) the map f H : AHPBH is
a Serre ,bration in Top,
(3) a co,bration i+ it has the ‚‚P with respect to acyclic ,brations.
Next we describe the relevant model category structure on the category of dihedral sets.
3.13. Proposition. „he category of dihedral sets has a model category structure in which a map
f : XP> is
(1) a weak equivalence i+ for all r*1 the maps U
r
( f ) : U
r
(X)PU
r
(>), C
r
( f ) : C
r
(X)PC
r
(>) are
weak equivalences in S,
(2) a ,bration i+ for all r*1 the maps U
r
( f ) : U
r
(X)PU
r
(>), C
r
( f ) : C
r
(X)PC
r
(>) are ,brations
in S,
(3) a co,bration i+ it has the ‚‚P with respect to acyclic ,brations.
The result is established by applying Theorem 3.11.
It follows from Freyd's adjoint functor theorem that for every r*1 the functors U
r
, C
r
: SdPS
have left adjoints, say, W
r
, X
r
: SPSd . Their value on the standard simplex D[n] can be calculated
as follows:
HomSd(Wr (D[n]), X)KHomS (D[n],Ur (X))KXCrr(n`1)~1 ,
where C
r
is generated by (t
r(n`1)
)n`1. Similarly
HomSd(Xr(D[n]), X)KHomS(D[n], Cr (X))KXDr2r(n`1)~1 ,
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where D
r
is generated by (t
2r(n`1)
)2(n`1) and w
2r(n`1)
. Hence
W
r
(D[n])"Kd[r (n#1)!1]/C
r
and X
r
(D[n])"Kd[2r(n#1)!1]/D
r
.
The veri"cation of Assumptions 3.10 is straightforward after proving the following two lemmas:
3.14. Lemma. ‚et s, r*1, n*0. „hen
U
s
W
r
(D[n])"G
KdC
r(n#1)
s
!1DNCr@s , if s divides r,
0 otherwise.
C
s
W
r
(D[n])"0
U
s
X
r
(D[n])"G
KdC
2r(n#1)
s
!1DNDr@s , if s divides r,
0 otherwise,
C
s
X
r
(D[n])"G
sqAKd C
2r(n#1)
s
!1DNDr@sB if s divides r,
0, otherwise.
3.15. Lemma. ‚et n*1, n*k*0 and f : <[n, k]PD[n] be the natural inclusion. „hen for all
s, r*1 the maps
U
s
W
r
( f ) : U
s
W
r
(<[n, k])PU
s
W
r
(D[n]),
C
s
W
r
( f ) : C
s
W
r
(<[n, k])PC
s
W
r
(D[n]),
U
s
X
r
( f ) : U
s
X
r
(<[n, k])PU
s
X
r
(D[n]),
C
s
X
r
( f ) : C
s
X
r
(<[n, k])PC
s
X
r
(D[n]),
are injective weak equivalences of simplicial sets.
Proof of Lemma 3.14. We sketch a proof the "rst formula, the others are similar (maybe a little
more complicated).
U
s
W
r
(D[n])
k
KHomS(D[k], UsWr (D[n]))KHomSd(Ws(D[k]), Wr(D[n]))
KHomSd (Kd[s(k#1)!1]/Cs , K[r(n#1)!1]/Cr) (3)
If we were not taking quotients in the two variables, by the Yoneda Lemma the above Hom set
would be equivalent to Hom
(Kd)
01 (r(n#1)!1, s(k#1)!1) which is
HomKd(s(k#1)!1, r(n#1)!1). (4)
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However, as we are taking quotients, (3) consists of certain equivalence classes of maps in (4). To see
which, it is useful to utilize the model of Kd constructed in Section 6. In terms of this model, the
elements of Kd[s (k#1)!1]/C
s
consist of equivalence classes of maps into s (k#1)!1 under
the equivalence relation that two maps are identi"ed if they di!er by a rotation of 2p/s. Similarly for
the second factor in (3) (but here we rotate by 2p/r). Hence the necessary condition for such maps to
exist is that s divides r. Continuing along these lines it is not hard to see that "rst formula holds.
4. The equivalence of homotopy categories
4.1. The dihedral realization functor D ? D
d
: SdPTopO(2) has a right adjoint R
d
(the dihedral singular
functor) de"ned as follows:
R
d
(X)
n
"Hom
O(2)
(Kd
n
, X).
This section is devoted to showing that the above pair of adjoint functors and the model
categories described in the previous section satisfy the assumptions of the following theorem of
Quillen [12,1.4, p. 235]. It shows that under certain conditions a pair of adjoint functors between
two model categories induces equivalences of their homotopy categories. We state the theorem in
a simpli"ed form, due independently to Je! Smith and Jim McClure, as given in [6].
4.2. Theorem. ‚et C and D be model categories and let
F : C%D:G
be a pair of adjoint functors. Suppose that
(1) F preserves co,brations and G preserves ,brations.
„hen the derived functors
LF : Ho(C)%H
o
(D) : RG
exist and form an adjoint pair. If in addition we have
(2) For each co,brant object A of C and ,brant object X of D, a map f : APG(X) is a weak
equivalence in C if and only if the corresponding map f b : F(A)PX is a weak equivalence in D,
then LF and RG are inverse equivalences of categories.
This is the main result:
4.3. Theorem. „he pair of adjoint functors 4.1,
D ? D
d
: Sd%TopO(2) : R
d
,
satis,es assumptions (1) and (2) of the theorem above. Hence the model categories of O (2)-spaces and
dihedral sets described in the previous section have equivalent homotopy categories.
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The proof that 4.1 satisfy assumption (1) above involves routine manipulation of the axioms of
a model category and properties of adjoint functors. It is analogous to the cyclic case in [14] and
will be omitted.
4.4. Lemma. If f : APB is a weak equivalence in Sd, then D f D is a weak equivalence in TopO(2).
Proof. This follows directly from Lemma 2.6.
4.5. Lemma. If f : XP> is a weak equivalence in TopO(2), then R
d
( f ) is a weak equivalence in Sd.
Proof. We need to show that
U
r
R
d
( f ) : U
r
R
d
(X)PU
r
R
d
(>) and C
r
R
d
( f ) : C
r
R
d
(X)PC
r
R
d
(>)
are weak equivalences of simplicial sets for r*1. Since the "rst map was shown to be a weak
equivalence in [14], we will only show this for the second map.
Since R
d
(X)
n
"Hom
O(2)
(Kd
n
, X), we have
C
r
(R
d
(X))"Hom
O(2)
(Kd
2r(n`1)~1
, X)Dr"Hom
O(2)
(O(2)]D
2r(n`1)~1
, X)Dr
"Hom
O(2)
(O(2)]
Dr
D
2r(n`1)~1
, X).
By assumption, the map f Dr is a weak equivalence in Top. By Section 16 in [10], S
*
( f Dr) is a weak
equivalence of simplicial sets.
Hence it su$ces to check that for r*1 the functors
C
r
R
d
, S
*
((?)Dr) : TopO(2)PS
are naturally equivalent. This is shown in Lemma 4.11.
We now recall some ideas from [4] which are needed to prove Lemma 4.11.
4.6. De5nition. Let G be a compact Lie group. A G-cosimplicial space is a functor A* : DPTopG.
A morphism of G-cosimplicial spaces is a natural transformation of such functors.
4.7. Examples. In the "rst two examples G"M1N, and in the second two, which are needed later,
G"O(2).
(1) MD
n
N=
n/0
with the usual coboundary and codegeneracy maps.
(2) MD
r(n`1)~1
N=
n/0
with the subdivision coboundary and codegeneracy maps.
(3) MO(2)/D
r
]D
r(n`1)~1
N=
n/0
with the subdivision coboundary and codegeneracy maps crossed
with the identity on the "rst factor.
(4) MO(2)]
Dr
D
r(n`1)~1
N=
n/0
with the subdivision coboundary and codegeneracy maps
M1]
Dr
dM
i
, 1]
Dr
pN
i
N.
A G-cosimplicial space A* de"nes a functor
S
A*
: TopGPS, S
A*
(X)"Hom
G
(An , X).
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4.8. De5nition. A homotopy H between two maps f, g : A*PB* is a collection of G-homotopies
Hn : An]IPBn between f n and gn which commute with the cosimplicial structure.
4.9. Proposition. For a G-cosimplicial space A* let
bdn(A)"d0(An)Xd1 (An)X2Xdn (An)Xdn`1(An).
If the inclusion bdn(A)-An`1 is a co,bration in the sense of the model category structure on TopG,
then a homotopy H between f, g : A*PB* induces a simplicial homotopy
HI : S
B*
]D[1]PS
A*
between f *, g* : S
B*
PS
A*
.
4.10. Corollary. If A* satis,es the condition on bdn(A) in the above proposition, and a map
i : A*PB* presents A* as an equivariant deformation retract of B*, then for every G space X,
i* : S
B*
(X)PS
A*
(X)
is a weak equivalence of simplicial sets.
4.11. Lemma. For r*1 the functors
C
r
R
d
, S
*
((?)Dr) : TopO(2)PS
are naturally equivalent.
Proof. We have
C
r
R
d
(X)
n
"Hom
O(2)
(O(2)]D2r(n`1)~1, X)Dr"Hom
O(2)
(O (2)]
Dr
D2r(n`1)~1, X).
We also have
S
*
(XDr)"Hom
O(2)
(O(2)]Dn , XDr)"Hom
O(2)
(O (2)/D
r
]Dn , X).
By the above it is enough to check that the cosimplicial space MO(2) /D
r
]DnN=
n/0
is an equivariant
deformation retract of the cosimplicial space MO(2)]
Dr
D2r(n`1)~1N=
n/0
. Consider the retraction
R : D2r(n`1)~1PDn given by u
j
:"1
2r
+r~1
k/0
(u
2k(n`1)`j
#u
2(k`1)(n`1)~1~j
), indices mod 2r(n#1).
De"ne H : *2r(n`1)~1]IP*2r(n`1)~1 by H(x, t )"(1!t )x#tR(x). Clearly, H is D
r
-equivariant.
We obtain the desired deformation retraction by taking
1]H : O (2)]D2r(n`1)~1]IPO(2)]D2r(n`1)~1
and dividing out by the D
r
-action.
4.12. Lemma. ‚et X be an O(2) space. „he counit [9, p. 81] of the adjunction 4.1,
U
d
(X) : DR
d
(X) D
d
PX, is a weak equivalence in TopO(2).
Proof. This follows from the previous lemma and the corresponding property of simplicial sets.
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4.13. Lemma. ‚et A be a dihedral set. „he unit of the adjunction 4.1, t
d
(A) : APR
d
( DA D
d
), is a weak
equivalence in Sd.
Proof. By [10,15.3], the map id : DA D
d
PDA D
d
factors as
t
d
( DA D
d
) Dt
d
(A) D
d
: DA D
d
PDR
d
( DA D
d
) D
d
PDA D
d
.
By the above lemma the second arrow is a weak equivalence in TopO(2), hence by MC2 so is the
"rst. From [10, Section 16] and Lemma 2.6 it follows that t
d
(A) is a weak equivalence.
4.14. Lemma. A map f : APR
d
(X) is a weak equivalence in Sd if and only if its adjoint f E : DA D
d
PX
is a weak equivalence in TopO(2).
Proof. Suppose that f : APR
d
(X) is a weak equivalence in Sd. By [10, 15.2(i)], the map
f E : DA D
d
PX is given by U
d
(X) D f D
d
: DA D
d
PDR
d
(X) D
d
PX. The "rst arrow is a weak equivalence by
Lemma 4.4 and the second by Lemma 4.12.
Suppose now that g: DAD
d
PX is a weak equivalence. We need to show that gA : APR
d
(X) is
a weak equivalence. By [10, 15.2(ii)], gA is the composite: R
d
(g)t
d
(A) : APR
d
( DA D
d
)PR
d
(X). The
"rst arrow is a weak equivalence by Lemma 4.13 and the second by Lemma 4.5.
5. Quaternionic sets
In this short section we describe results corresponding to those of the last two sections that deal
with spaces with the action of Pin(2) and quaternionic sets.
Since in (DD)01 and (DQ)01 the behaviour of group operators vis-a`-vis the simplicial operators is
the same, the group Q
r
acts on sbd
r
X, where X is a quaternionic set. Hence for r*1 we can de"ne
a functor:
Cq
r
: SqPS, X>(sbd
r
X)Qr.
Moreover, the obvious analogue of Lemma 2.6 holds, i.e. DCq
r
(X) D is homeomorphic to DX DQr
q
. Note
that the element w
1
3Q
1
of order 4 acts on the geometric realization of a quaternionic set as
follows: [w
1
, 1][x, u
0
,2 , un]"[wn`1x, un,2 , u0].
Here are the relevant model category structures:
5.1. Proposition (Dwyer and Kan [5, Theorem 2.2]). „he category of spaces with a Pin(2)-action
has a model category structure in which a map f : APB is
(1) a weak equivalence i+ for all ,nite cyclic and quaternionic subgroups H-Pin(2) the map
f H : AHPBH is a weak homotopy equivalence in Top,
(2) a ,bration i+ for all ,nite cyclic and quaternionic subgroups H-Pin(2) the map f H : AHPBH
is a Serre ,bration in Top,
(3) a co,bration i+ it has the ‚‚P with respect to acyclic ,brations.
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5.2. Proposition. „he category of quaternionic sets has a model category structure in which a map
f : XP> is
(1) a weak equivalence i+ for all r*1 the maps U
r
( f ), : U
r
(X)PU
r
(>), Cq
r
( f ) : Cq
r
(X)PCq
r
(>) are
weak equivalences in S,
(2) a ,bration i+ for all r*1 the maps U
r
( f ), : U
r
(X)PU
r
(>), Cq
r
( f ) : Cq
r
(X)PCq
r
(>) are
,brations in S,
(3) a co,bration i+ it has the ‚‚P with respect to acyclic ,brations.
By reasoning similar to that used in the previous section we obtain:
5.3. Theorem. „he pair of adjoint functors
D ? D
q
: Sq%TopP*/(2) : R
q
satis,es assumptions (1) and (2) of Quillen1s equivalence theorem. Hence the model categories of
Pin(2)-spaces and quaternionic sets described above have equivalent homotopy categories.
6. Appendix
In this section we give an explicit description of the opposite to (DD)01 in terms of maps of pairs of
circles. To make this easier, we recall the notion of a cyclic category, which is closely related to it.
Connes [2] has de"ned the category of cyclic operators (DC)01 which can be described as the
subcategory of (DD)01 which has the same objects, but whose morphisms are generated by d
i
, s
i
and
t
n
. The opposite of this category K has the following explicit description in terms of maps of the
circle. The objects consist of topological pairs n
6
"(S1, C
n`1
), where S1 is the unit circle in the
complex plane and C
n`1
"Mv
0
,2 , vn`1N sits inside as complex (n#1)-th roots of unity. We label
the path joining v
i
to v
i`1
by e
i
. The morphisms are generated by the following:
d
i
: n
6
Pn#1, n*0, 0)i)n
d
i
(v
k
)"G
v
k
,
v
k`1
,
k(i,
k*i, d0 (ek)"G
e
k`1
,
e
k`1
) e
0
,
k(n,
k"n, di (ek)"G
e
k
, k(i!1,
e
k~1
) e
k
, k"i!1,
e
k`1
, k’i!1,
p
i
: n
6
Pn#1, n*0, 0)i)n,
p
i
(v
k
)"G
v
k
,
v
k`1
,
k(i,
k’i, pi(ek)"G
e
k
, k(i,
v
k
, k"i,
e
k~1
, k’i,
q
n`1
: n
6
Pn
6
, n*0,
q
n`1
(v
k
)"G
v
n
,
v
k~1
,
k"0,
k’0, qn`1(ek)"G
e
n
,
e
k~1
,
k"0,
k’0.
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We can now describe an explicit model, called Kd, of the opposite of the category (DD)01. We let
Ob(Kd)"Mn
66
Dn
66
"n
6
P n
6
, n"0, 1, 2,2 .N
The maps in Kd are described in terms of maps of K as follows:
d
66 i
: n!1Pn
66
is de"ned by d
66 i
"d
i
P d
n~i
,
p
66 i
: n#1Pn
66
is de"ned by p
66 i
"p
i
Pp
n~i
,
q
n`1
: n
66
Pn
66
is de"ned by q
n`1
"q
n`1
P q~1
n`1
,
u
n`1
: n
NN
Pn
NN
is the map n
N
P n
N
Pn
N
P n
N
which swaps the factors.
It is straightforward to verify that the obvious contravariant functor (DD)01PKd gives an
isomorphism of categories (DD)01K(Kd)op.
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